5 paskaita. Geometriškai netiesiniai lenkiamų plokštelių 
uždaviniai
Nagrinėsim Kirchhofo plokšteles.

Tai – plonasienės struktūros, kuriose skirtingos deformacijų dedamosios turi skirtingą įtaką plokštelės deformuotam būviui: lemiamą vaidmenį turi įlinkiai. Įlinkus plokštelei, pakinta membraninių jėgų dydžiai ir kryptys, o plokštelė faktiškai tampa kevalu. Netiesinis plokštelės modelis įvertina įlinkių statmenai plokštelės plokštumai/poslinkių plokštumoje sąveiką.
Statikos lygtis (ansambliui ir elementui)– kaip anksčiau:
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Geometrinė matrica susideda iš tiesinės ir netiesinės dalies, įvertinančios membraninių/lenkimo jėgų sąveiką.
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Dabar netiesinis lenkiamos plokštelės elementas turi apimti membraninį 2D elementą ir betarpiškai lenkiamą elementą; vieno mazgo laisvės laipsniai yra:
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Analogiškai komponuojamos ir formos funkcijos:
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Deformacijos adresuojamos į elemento vidurinį paviršių. Jei x-y sutampa su plokštelės viduriniu paviršium, galioja iš BEM kurso pažįstamos Cauchy lygtys: 
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Analogiškai, žymint įtempimus 
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 ir vidutinius įtempimus per plokštelės storį h – 
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, įtempimų atstojamosios (t.y. įrąžos) vidurinės plokštumos ilgio vienetui tampa
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Įtempimų atstojamųjų – įražų teigiamos kryptys yra:
[image: image19.wmf]
Kai poslinkiai (įlinkiai) yra vienos eilės su plokštelės storiu, nebegalima ignoruoti sąveikos tarp deformacijų plokštelės plokštumoje ir deformacijų statmena plokštelės plokštumai kryptimi:
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Panašiai kaip netiesinio lenkiamo strypo atveju, deformavusis plokštelei, elemento matmenys plokštelės plokštumoje pakis nežymiai – tai reiškia, kad poslinkių u ir v išvestinės x ir y kryptimis (tuo labiau – storio, arba z kryptimi) keisis nežymiai, todėl Greeno deformacijų vektoriuje atitinkamuose nariuose galima palikti tik įlinkių w antrąsias išvestines pagal x ir y (įlinkiai storio kryptimi taip pat kinta nežymiai, todėl jų išvestines pagal z atmetame):
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Turint galvoje šias deformacijų išraiškas ir formos funkcijas, geometrinę matricą išreikšime taip:
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Tamprumo matrica fiziškai tiesinei medžiagai – membraninio ir lenkiamo elemento tamprumo matricų superpozicija:
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Netiesinę geometrinės matricos dalį išreiškime taip:
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Pagrindinės statikos lygties apkrovų vektorius susideda iš:
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(1) vektorius analogiškai susiskaido į dvi dalis:
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Antriniai nežinomieji po statikos uždavinio sprendimo randami atskiriems elementams taip:
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(2)

Paprastai tamprumo ir geometrinių matricų sandauga vadinama įtempimų matrica S; bus 3 nenulinės įtempimų submatricos 
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Lygtys (2) ir (3) – lokalinėse koordinatėse.
Algoritmas vienam apkrovos prieaugiui

1. Tiesinis   
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2. Deformacijų skaičiavimas:
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3. Įražų skaičiavimas:
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4. Nesąryšis tarp vidinių ir išorinių jėgų:
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5. Standumo matricos skaičiavimas:
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6. Poslinkių korekcija 
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7. Ar pasiektas tikslumas?
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pakeisti poslinkius: 
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naujieji poslinkiai: 
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GO TO į 2-ą žingsnį
Pastaba. Newtono – Raphsono metodas geometriškai netiesiniams uždaviniams nėra griežtai tikslus: čia buvo laikoma, kad
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Tačiau standumo matrica priklauso nuo poslinkių, todėl rekėtų imti:
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EMBED Equation [image: image61.wmf]{
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Išvestinių matricą lengva rasti tik jei nuo iteracijos prie iteracijos poslinkių kryptys sutampa; antraip geriau taikyti apytikslę procedūrą. 
Geometriškai netiesinio lenkiamų plokštelių deformavimo pavyzdžiai. 

Elementas: CST + DKT (žr. BEM kursą).

Square plate with clamped edges under uniformly distributed load. One quarter of plate has been modelled and analysed. The isotropic material characteristics were taken: E = 2[image: image62.wmf]10

6

,  SYMBOL 110 \f "Symbol" = 0.3. The side of plate a = 10, and thickness h = 1. As seen from Chapter 3.4, the acceptable accuracy for similar tests can be achieved only by four finite element mesh strips in both directions ( Figure 3.7 ), i.e., by dividing one quarter into 32 finite elements, therefore the path 'load - deflection' for all rectangular plates is followed by this mesh density.


The results for uniformly distributed load varying in bounds 100 - 50,000 are shown in Figure 3.24. As seen, until some level of plate centre deflection, namely, 0.3h, the linear and nonlinear solutions practically coincide. The difference between solutions at this stage does not exceed 5% from linear solution. At this stage the level of membrane stresses comprises about 8% of bending stresses. Further, due to fast growing membrane stresses, the plate becomes definitely stiffer as that is foreseen by linear solution.


It is interesting to note that the solution converges ( by given tolerance of calculations 5% ) : until the value of deflection  w SYMBOL 187 \f "Symbol"0.6 h  per only one iteration; until  w SYMBOL 187 \f "Symbol"1.5 h  - per two; and until  w SYMBOL 187 \f "Symbol"2 h  - per three iterations.

[image: image63.wmf]

Figure 3.24  Deflection at the centre of plate with clamped edges under uniformly distributed loading.


Brebbia and Conor [ 1969 ] present the analytical solution of this problem in non-dimensional coordinates  
[image: image64.wmf]x2
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  and  
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,  where D is cylinder stiffness of plate. It is seen from Figure 3.25 that the solution with nonlinear DKT element practically coincides with analytical solution.

[image: image66.wmf]

Figure 3.25  Deflection at the centre of plate with clamped edges under uniformly distributed loading  -  non-dimensional coordinates.


Square plate with clamped edges under concentrated load at the centre. The analytical solution for this problem is given in [ Sättele, 1980 ]. The material characteristics and geometry of plate quarter were chosen all the same as in previous example. Again, the obtained results show good resemblance with analytical solution.

[image: image67.wmf]

Figure 3.26  Deflection at the centre of plate with clamped edges under concentrated load at the centre.


Square plate with simply-supported edges under uniformly distributed loading and concentrated load at the centre. These problems were solved by the same finite element mesh density, i.e., 32 finite elements in one quarter of plate, and other initial data. As we expected, the effect of nonlinearity by simply-supported edges appears more distinct as in the case of clamped edges. The results for both problems are shown in Figures 3.27 and 3.28.

[image: image68.wmf]

Figure 3.27  Deflection at the centre of plate with simply-supported edges under uniformly distributed loading.

[image: image69.wmf]

Figure 3.28  Deflection at the centre of plate with simply-supported edges under concentrated load at the centre.
Plate under thermal loading


No analytical solutions were found in literature for similar problems. However, in some cases of thermal loading we can exactly predict the shape of plate deformation. For the first case, namely, for only constant membrane part of loading vector (which arises from uniform temperature increase in structure ), provided the deformation of plate is not restrained, the constant membrane stress behaviour has to be obtained for the structure:
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per all finite elements. For the second case, by constant thermal gradients per thickness of plate , only the buckling of structure must appear - the constant bending moment behaviour:
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in all finite elements. The solution schemes for both problems are shown in Figure 3.29. The geometrical data is taken the same as in the first example.

[image: image72.wmf]

Figure 3.29  The solution schemes for thermal loading. In-plane boundary conditions: ( a )  -  for membrane action,  ( b )  -  for bending action.

By evaluation of plate from membrane loading the nodal temperatures of 100SYMBOL 176 \f "Symbol" C were taken in all nodes of structure by initial temperature, when no thermal strain appear,  0SYMBOL 176 \f "Symbol" C. The results obtained for secondary unknowns of problem - stress resultants - show excellent accuracy of finite element and it's analytical formulation:



[image: image73.wmf]T

 

=

 T

 

=

 

1428

.

57

 

 

0

.01,

T

 

=

 

 

0

.01

x

y

xy

±

±


in all finite elements, i.e., discrepancies appear only in the sixth number, maybe, due to computer-dependent truncation errors ( the single precision has been used for calculations). 


We achieve a high accuracy in the case of loading from thermal gradients, too. The values of gradients of 100SYMBOL 176 \f "Symbol"/per thickness were taken in all nodes of structure. Now we obtain
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in all finite elements. For this problem it is necessary to perform more iterations ( until seven ) to achieve the given tolerance of calculations 5%. That depends on arising of negligible, when compared with bending displacements, membrane displacements. Also, we expect the structure to be bent exactly on the surface of sphere. The displacements of nodes 1 SYMBOL 184 \f "Symbol" 5 and 6 SYMBOL 184 \f "Symbol" 9 ( Figure 3.29 ) given in Table 3.4, illustrate distinctly the accuracy of deformed behaviour obtained.
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Table 3.4  The displacements of nodes ( see Figure 3.29 ).
Rectangular plate under in-plane pressing loading


The solution scheme for this example is shown in Figure 3.30. The geometry of plate is chosen the same as in the first example. The small perturbation of out-of-plane coordinates is taken for nodes 11 SYMBOL 184 \f "Symbol" 15 to avoid the problem of non-unique solution. For this example we expect to obtain the slide of nodes 21 SYMBOL 184 \f "Symbol" 25 in the plane of structure with small deflection in edges of plate along y-axis for cross-sections 6 SYMBOL 184 \f "Symbol" 10, 11 SYMBOL 184 \f "Symbol" 15, and 16 SYMBOL 184 \f "Symbol" 20 due to the impact of Poisson's ratio. Full symmetry in displacements of nodes 6 SYMBOL 184 \f "Symbol" 10 and 16 SYMBOL 184 \f "Symbol" 20 is expected.


The results for deflections exceeding approximately ten times the thickness of plate ( Table 3.5 ) confirm our expectations. Some discrepancies in symmetry of z-displacements for cross-sections 6 SYMBOL 184 \f "Symbol" 10 and 16 SYMBOL 184 \f "Symbol" 20 can be explained by non-symmetrical finite element scheme with respect to cross-sections along y-axis.
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Figure 3.30  The solution scheme for in-plane pressing loading.
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Table 3.5  The displacements of nodes ( see Figure 3.30 ).

Conclusions. The analytical formulation for element DKT enables us to achieve an excellent agreement of present solutions for various plate bending problems with available analytical solutions. Few examples for which the deformed behaviour can be predicted show absolute accuracy ( until the level of computer-dependent truncation errors ) in symmetry of nodal displacements and even secondary unknowns - stress resultants. We want to remind also that this accuracy is achieved by remarkably lower required computer resources as in the case of usually used numerical integration routine.
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